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Abstract

All stable equilibria are stationary-energy (SE) states of some form. Thus finding
the SE states considerably simplifies the search for stable plasmaequilibria. Thisis
particularly so in the case of flowing equilibriafor which finding any kind of equilibrium
is exceedingly complicated. A previous analysis found SE of atwo fluid plasma by
minimizing the ordered energy Wi (flow + magnetic field energy) subject to constraints
on the two integral constants of motion for atwo-fluid, theion helicity K; and the
electron helicity Ke .

The foregoing analysis has been extended to include the effect of another constant
of motion, the angular momentum, L. In the case of an axisymmetric system with
suitable boundary conditions (constant magnetic flux boundary, no flow through the
boundary, free-dlip condition) the angular momentum is an integral constant of motion.
Incorporating this additional constraint leads to a more complicated system of equations.
Instead of atwo-point spectrum of SE states, all axisymmetric mode elements are
represented except in exceptional cases, although the spectrum tends to concentrate in
certain ranges. An important consequence of angular momentum conservation is that the
solution is axisymmetric, i.e., tilted equilibrium states are disallowed.

Inspection of the form of the spectrum reveals potential pathologica behavior,
which must be carefully dealt with in numerical calculations. A method for removing the
pathologies is presented and applied. Investigation of the equations indicates that there
aretwo regimes for the SE states, a"no-root" region in which all modes contribute to the
conserved quantities, and a "root" region in which the spectrum may collapse to a one- or
two-point spectrum. Calculations of the functional form Wiyr (Ki,Ke,L,) are presented for
both cases.

I. Introduction

In previous work [1] the SE states for atwo-fluid flowing plasma were obtained,
using the variational technigque to minimize the ordered energy, Wi, subject to the
constraint that ion and electron helicities, K; and K¢, are conserved. By expanding the
flow and field vectorsin a complete basis set of divergence-free vectors, known as
Beltrami modes, the problem was reduced to a system of algebraic equations. Solution of
these equations led to the prediction of SE states that are a two-point spectrum of the
basis set (i.e. double-mode condensates) and provided the explicit functional form for the
stationary energy, Wwur (Ki,Ke,11,12). These states included so-called tilted (non-
axisymmetric) modes. The values of K;,Ke, 411,42 which yield the global minimum for
Wy define the stable state.



The objective of this paper isto determine what effect angular momentum
conservation has upon the SE states. In particular, we address the question: does the
constraint L, = constant predict adifferent state to have the lowest Wy than that obtained
without angular momentum conservation? |If the answer is"yes', then angular
momentum conservation has significant implications for plasma stability.

The outline of this paper isasfollows. Section |1 briefly describes the variational
procedure and the resulting algebraic equations for the stationary states. Section |11
explains and resolves the mathematical pathol ogies of the algebraic variational equations.
Section 1V, along with Appendix A, presents the results for angular momentum
conservation and compares it with the non-conserved case.

Il. Variational Procedurefor FRC
Application of the variational method to the FRC is done with the following steps:

1. determine the ideal invariants

2. minimize the ordered energy, subject to the constraint that the invariants are
conserved, obtaining the Euler-Lagrange equations

3. expand the flow velocity and vector potential in Beltrami modes, converting the
vector differential Euler-Lagrange equations into algebraic equations

4. solve for ordered energy as afunction of the ideal invariants by eliminating the
Lagrange parameters,

5. find the state with the lowest WMF, i.e., the stable state.

Based on the approach of ref. 1, the ordered energy, Wr, and ideal invariants, K;,
Ke, and L, are given by the volume integrals:

ordered energy: W, = Idr (mnu?/2+ B?/87) (1a)
ion helicity: K, = (c*/8ze*)[dz P, -V xP, (1b)
electron helicity: K, = (]/87;)! drA-VxA (1c)
angular momentum: L, = I drmnru,, (1d)

Note that the ion canonical momentumis P, = mu, +eA/c and, for massless electrons,
P, =—eA/c. Also note that the vector potential terms appearing in the angular
momentum (r x (P, + P,) ) cancel out.

Now, assume uniform density and extremize Wy subject to constraints on K, K,

L, thisyields the Euler equations in matrix-differential-operator format:
o e~ -orfl] (28)
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Note the appearance of the ion skin depth, ¢, = (mc? /47e’n)¥?, which is the natural

length scale always appearing in two-fluid analyses. The Lagrange multipliers here are Ao
for Ke, 4 for Kj, and Q for L,.
Now expand the fields and flows in a complete, orthogonal set of basis vectors,

the eigenfunctions of the curl (Beltrami functions): VxY, = A,Y, with boundary
condition Y, -n = 0. For our 3D cylindrical domain, k= (I,mn) isa3D index. The
expansions of the field and flow in the Beltrami functions are

A=>AY,, u =>uY,; ©)
where A;, u; are the expansion coefficients. Substituting these into (2a, b) and taking the
inner product of each equation with the eigenvector Yy, i.e. JdzY\(...) gives the agebraic

equations:
5k{(C/47zink)AkA<} _ _Qa@)k{%} : (43)
. A, -4 -1
Dk(//i’wle) |: ﬂ,i ilAkflz—l:| ( )

where we have defined the geometric factor (a = cylinder radius and V = volume):

A 1 sin(nz/2)
0, = av)ldrro-Y, =——"~"""~
« = Wav)f = el
where p; isthe ™ root of J.. Solving (43, b) for the modal coefficients:
ﬂ — _iQa@k; u, = Mga@k (59)
mc Dy Dy
where D, = [B) = (A -2)A A2 -1)+2 (5b)
and Ay = L/ a)y p? +(nmalL)? . (5¢)

This spectrum contains only axisymmetric el ements since Oy is zero except for
axisymmetric eigenvectors. Hence, tilted modes are eliminated for conserved angular
momentum and k = (1,0,n).

Substituting the coefficients (5a) into (3) and then into the integrals (1a) through (1d)
gives:

-, i
K, = S;_Fe(,ie,,al); F, = \% %Akaz(@i (63
7T K "
Q’° 1 (A, -4,
K=§;H%A% EEV%ﬁJBfLA@@ﬁ (6b)
k
LZ:%ﬁEme; anlzﬁi%;ﬂﬂ@i (60)
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Wye = ng(ﬂ“eJ'e); Fov = Vzk:

Sig?@2  (6d)



with Q = mcQ/e. The next step is to remove the dependence on the angular momentum

parameter Q by normalizing in the helicity magnitude and defining the remaining
dimensionless terms as follows:

tan(@):% (72)
I A N A 4

R 2mnvalK|  2MgalK| (70)
— IiWMF 7

Ru = (79

where y =|, /a isthe system size parameter. Finally, we scale all lengthsinion skin

depth and define the transformed Lagrange parameters, £'and 7, to get the dimensionless
forms of the sums (6a) through (6d):

B Rt

Fn.¢) = ;Xg; (83
F(7.¢) = (4+n)2;(4—xk—n)2 XkAfk’i (8b)
F.(.¢) = §[1+<§+n)<§—xk—n)]i)—f (80)
Fu(n.) = ;{[1+(§+n)(§—xk—n)]2+x§}f—zf (80)

where A, = 1+(C-x ) —-n*and x, =l A, =y p? +(nzal/L)?

This givesthe desired form for the scaled ordered energy, Rw, as an implicit function of
tan(#) and the scaled angular momentum parameter R

tan(e)zg (99)

R, =F?/\[F?+F? (9b)
Ry = Fu/FZ+F? (%)

[11. Treatment of Mathematical Pathologies

Inspection of equations 8a-d reveals that the sums become ill-defined at roots of
the denominators A«. However, the ratios of sums appearing in tan(6), R, and Ry are
well-defined and obtained by alimiting procedure. Figure 1 shows the root trgjectoriesin
¢—n space for the first 240 roots. Along each curvein the figure, A= 0 for one of the
modes. All such roots are restricted to the region |77| > 1. Since equations (8a) -(9c) are



symmetric under the substitution {—> —¢'and n —> —», we have restricted our
considerationsto theregionn > 0in Figure 1.
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Figure 1 Root Trajectoriesfor first 240 Eigenmodes

Asindicated in Figure 1, we have three possibilities: 1. no roots (for |7 < 1 or in the
spaces between the root trgjectories); 2. asingle mode, ko, has aroot; and 3. apair of
modes, ko and lo, have roots. Each case must be treated differently, as follows.

Case 1. First, the helicity parameter tan(6) is selected and the corresponding tan(é) =
constant trgjectory in {—n space is obtained by a gradient-search method. Next, R, and
Rw are calculated along the trgjectory. Finally, the resulting values of R, and Ry, for
fixed tan(é), are plotted. This processis repeated for various 6 values, until the no-root
region has been adequately canvassed to reveal the minimum ordered energy .

Case 2: Thisisthe smplest case, as only a single mode contributes to each sum, resulting
in the equations :

R b+ (o) [ o? (109

X1+ tan(6)?

R, = X+ [1i Vtan(e)]z where 0<tan(d)<oo (10b)
%1+ tan(6)?
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Case 3: In this case, two modes dominate as the double-singularity point is approached.
In order to more easily deal with the double-mode roots, one final variable transformation

isneeded: u=¢ ++/n”* -1; v=¢ —4/n* =1, which simplifies A, to the form:

A= (U-X)(v-x¢). By an extension of I'Hopital's theorem from one to two variables, and
using the transformed variables u and v, one can show that equations (8a) through (9c)
become:

tan(a)’ f% + g°R, .

tan(d) = @) +R, —oo <tan(a) <o (119)
n 1 [xe[htan(a)-h 'R, | i15)
©1rtan(0)? ftan(a)’ + R,
2 2 -2
1 [x]ften(e)a+ h2 }+{1+h2V,] (119
J1+ tan(6)? tan(@)” + R,
where
) 1 @’ 27
f =1+ AN g=1+Ah™ h=\1+ A2 +A,; A, :E(Xk ~x)>0 and RO:)):'kG)'i ;VO:)):?@'E

and « isthe angle at which the singularity is approached, relative to the u-axis. Note that
we choose Xk > X for both positive and negative eigenvalues.

V. Resultsfor Angular Momentum Conservation

Case 1. Thisregionisdefined by -oo < (<o and -1 < 77 < 1, but symmetry under
§—>—¢and n —> —n means we may cover this region with the range 0 < {'< o0 and

-1< < 1. Cdculations so far have shown that the lowest ordered energy occurs for the
helicity parameter 8= 65 degrees, at the boundary of the singular region, 7 = 1. In other
words, it appears that the no-root region does not contain the global minimum, but rather
that lower values for ordered energy are found in the root region.

Case 2: By comparing equations (10a, b) with the results of ref. 1 (in which angular
momentum is not conserved), we see that the ordered energy for conserved L, has the
same functional form as the non-conserved case. Therefore, the single-mode root
solutions yield a value for Wyr no lower than that obtained without angular momentum
conservation.

Case 3: In Appendix A we show that the expressions for tan(é), R, and Ry at the two-
mode singularity (equations (11a) through (11c)) yield the same functional form for
normalized ordered energy as the non-conserved case described inref. 1. Therefore, the
double-mode root solutions yield avalue for Wiur no lower than that obtained without
angular momentum conservation.



Summary: Based on the results so far, conservation of angular momentum does not
produce a lower ordered energy in the no-root region or at single- or double-mode
singularities. The remaining possibility isshown in Figure 2, i.e., the interstices between
the root trajectories. Thisisthe final and most complex region in which to search, and is
the object of our current investigations.

i

Figure 2 Remaining Possibility L ocation of Global Minimum

Appendix A Equivalence of Ordered Energy for Conserved and Non-conserved L,
at Double-M ode Singularities

From ref. 1, we have the equations for tan(#)and normalized Wie :
2 72 2 p2 2 2 2
tan(g):ﬁzxkf A+X9°A _ 7" +g'R. A

Ke XkA<2+XIA2 ZZ+R ’X_K;_OO<Z<OO (133
Woe _ 1 X[+h?)A+x1+h?)
K[ 1+ tan(o)? ‘XkAf_'_XIAZ‘ )
L o)y hen )R (130)
1+ tan(6)? 2*+R

where, asin (11a) through (11c):
f=1+xh g=1+xh™; h={1+A2 +A,; AO:%(xk—x,)>0; R=2
X

A and Ay = modal amplitudes; X« and x; = eigenvalues



To get equations (11a) through (11c) in the same form as (13a,b), note that R, = R/ and
Vo = R/ 7, wherer= @/ @), so we obtain for conserved L:

tan(e)’ f* + g°RI7* _{rtan(2)}’f* +g°R.

tan(g) = ; —wo<rtan(a)<oo (14a)

tan(e)? + R/ 72 {rtan(a)}? + R
a 1 xefhtan(a) -hRIz?f
© J1+tan(6)? \tan(a)2 + R/fz\
(14b)
1 %|0? [hrtan(a) - h*Ricf
J1+tan(6)? (r tan())® + R|
_ 1 |x/ltan(@)¥{1+ 0% +{1+ h 2} R? /2] _
JL+ tan(0)” tan(e)” + R/ 140
1 |xl(ztan(e) {1+ % +{1+ h 3 R?]
J1+tan(6)? (r tan())* + R

Comparing (13b) with (14c) we see that the normalized ordered energy has the same
dependence on tan(4) and the independent variables y and rtan(«) for both conserved
and non-conserved angular momentum. Hence, the conservation of angular momentum
does not yield alower ordered energy at the double-mode singularities.
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