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self-organization theory

II.1 Theoretical Thought Analysis

Axiom setof physicallawsof Maxwell’sequations

∂B
∂ t

��� ∇ � E � (1)

∂D
∂ t

��� j � ∇ � H � (2)

∇ � D � ρ � (3)

∇ � B � 0 � (4)

Poynting’senergy conservationlaw for thefield energyWf

∂Wf

∂ t
��� �

V
j � EdV � 1

µ0 	 S 
 E � B ��� dS � (5)
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where

Wf
� �

V 
 E � D
2

� H � B
2

� dV � (6)

Thetwo physicallawsof Eqs.(1)and(4) arerewritten

∂A
∂ t

��� ∇φ � E � (7)

B � ∇ � A �� (8)

Definition of the magnetichelicity K [J. B. Taylor: Phys.
Rev. Lett. 33 (1974)1139.]:

K � 1
µ0

�
V

A � B dV � (9)

Here, we emphasizethat even if we include “the external
helicity”, takingaccountof thegaugeinvariance,thefollow-
ing argumentis still essentiallycorrectandapplicable.“The
time changerateof K ”, Partial derivative of the definition
Eq.(9)with respectto t, andusingonly two lawsof Eqs.(1)
and(4) , thevectorformulae, andGausstheorem,“the time
changerateof K ”,

∂K
∂ t

� 1
µ0

�
V 
 ∂A

∂ t
� B � A � ∂B

∂ t
� dV

� � 2
µ0

�
V

B � EdV

� 1
µ0 	 S 
 E � A � φB ��� dS � (10)

It shouldbeemphasizedherethat“the timechangerateof K,
Eq.(10)” is derivedfrom merelyonephysicallaw of Eq.(1),
which can never lead to any deterministictime evolutions
of A and B without anotherphysical law of Eq.(2). The
valueof ∂K � ∂ t is passively andresultantlydeterminedby
themutuallyindependentvolumeandsurfaceintegral terms
in Eq.(10). Equation(10) is not “the conservationequation
of the helicity K itself”, but is merelyan equationfor “the
timechangerateof K”.

Assuming 
 E � D ��� 2 � 
 H � B �� 2 in the plasmacon-
finementexperiments,andusingthe simplified Ohm’s law
of Eq.(11),“the energy conservationlaw” andtheso-called
“helicity conservationlaw” arederivedrespectively as

Ohm� s law : E � v � B � η j � (11)

∂Wf

∂ t �� ∂Wm

∂ t� � �
V � η j � j � 
 j � B ��� v � dV� 1

µ0 	 S 
 E � B ��� dS � (12)

∂K
∂ t

� � 2
µ0

�
V

η j � B dV

� 1
µ0 	 S 
 E � A � φB ��� dS � (13)

The misunderstandingon the so-called“helicity conserva-
tion law” has beenestablishedfrom the following argu-
ment,using“the time changerateequationof K written by
Eq.(13)”.

a)At first, weconsider“the idealcase”wherethewhole
region of plasmasinsidetheboundaryis filled with theide-
ally conductingplasmaandtheboundarysurfaceis theide-
ally conductingwall, i.e., η � 0 andE � 0 andB � dS � 0
at theideally conductingwall. We thengetfrom Eq.(13)in
this “ideal case”that “the time changerateof K” becomes
as∂K � ∂ t � 0.

b) Fromthis result,we mayconcludefollowings. Since
thevalueof K is constantalongthetimevariablet, thetotal
helicity K is conserved and thereforeit must be “the time
invariantin the dynamicalsystemin the caseof ideal plas-
mas”.

However, the part of (a) declaresonly that the valueof
K definedby Eq.(8)doesnot changealongthetimevariable
t in “the specialor thetrivial case”of η � 0 plasmasfilling
fully within theideallyconductingwall.

** A simple thought experiment** a) Considerthat
thereexistssomevacuumfield region, i.e., η � ∞, nearthe
ideally conductingwall, and the other region is still filled
with theideally conductingplasma.

b) Wethenhaveto comebackto Eq.(10),andwecanput
E � 0 in theplasmabut have to leave E in thevacuumfield
region.

c) In this simplecase,the valueof ∂K � ∂ t is passively
andresultantlydeterminedby thevolumeintegralof B � E in
Eq.(10)alongthetime variablet.

d) Thedecrementof K in thissimplecaseis by nomeans
“the resistivelossof K”, becauseof nocurrentin thevacuum
field region.

e) On the other hand, we definitely know that the
changedpart of Wm transfersto the other type of energy,
suchasthekineticenergy, insidetheideallyconductingwall
by Eq.(12).

f) However, the total helicity K cannever beconserved
in thedynamicalsystemin this simplecase.This is because
thatEq.(10)is merelyanequationfor “the time changerate
of K”, and the helicity K is not the physicalquantity but
merelyrepresentsthe topologicalpropertyof the magnetic
field linesateachinstant.

g)Thesimplethoughtexperimentshownabovemaylead
usto aconclusionthatthetotalvalueof K is never“the time
invariantin thedynamicalsystem”.

The value of the helicity K hasnever beenconserved
in thecomputersimulationsby R. Horiuchi andT. Sato[R.
Horiuchi andT. Sato:Phys.Rev. Lett. 55 (1985)211] and
alsoin all experimentson thereversedfield pinch(RFP)by
many authors,on the toroidal Z-pinch by Dr. K. Sugisaki
at ETL [K. Sugisaki:Jpn. J. Appl. 24 (1985)328] andon
merging two spheromacsinto onefield reversedconfigura-
tion (FRC)or onespheromacby Y. Ono,Katsuraiet. al. [Y.
Ono, M. Yamada,T. Akao, T. Tajima, andR. Matsumoto:
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Phys. Rev. Lett. 761 (1996) 3328] . Especially, in the
caseof the toroidal Z-pinch experiments,the total helicity
K increasesto finite valuesfrom zeroinitial valuewithin a
few tensof µs [K. Sugisaki:Jpn. J. Appl. 24 (1985)328].
“Theseexperimentalresultshavebeendemonstratedthatthe
conjectureof thetotalhelicity invarianceby Dr. J.B. Taylor
is notphysicallyavailableto realmagnetizedplasmas.” Even
if they believe theso-calledhelicity injectionasa technical
method,thehelicity injectionis physicallythemagneticen-
ergy injectionin realexperiments.If ∂Wm � ∂ t � 0 is realized
by theso-calledhelicity injectionwithoutenergy injections,
thenthe process“violates the moreimportantphysicallaw
of theenergy conservation!”

As is knownmathematically, “asaaxiom,thestartingby
thevariationalprinciplewith theuseof variationalformula-
tion” � “that by therelatedor resultantdynamicequations
asanaxiomset”. “The energy principle” is within thisphys-
ical thought,i.e., it haveto leadto therelateddynamicequa-
tions.

Physicallyandmathemathicallyimportantpoint is that
theaxiomsetof relateddynamicequationsgiveusall kinds
of time evolutionsof the dynamicsystemitself, including
notonly self-organizedstatesof equilibriabut alsotherelax-
ationprocessesthemselvesandall otherchangingprocesses.

The relaxationtheoryby Dr. J. B. Taylor hasbeennei-
ther thevariationalprinciplenor theenergy principle. Tay-
lor’s theory is merely“the variationalcalculuswith global
constraintwith respectto the valueof K” to find the min-
imum energy solution from the setof solutionshaving the
samevalueof K.

Without usingtheconceptof thehelicity K, we cande-
rive the relaxed stateof MHD plasmasas ∇ � 
 η∇ � B �� λB including∇ � B � λTB for a specialcaseof spatially
uniformη [Y. Kondoh:J.Phys.Soc.Jpn.58 (1989)489.Y.
Kondoh:Phys.Rev. E 49 (1994)5546.Y. KondohandJ.W.
VanDam: Phys.Rev. E 52, 1721(1995).].Relaxations,the
magneticfield generation,and the transformationbetween
thetoroidal-andthepoloidalmagneticfieldsaredueto the
dynamotermof 
 j � B ��� v in theenergy conservationlaw of
Eq.(12),wherethevelocity v comesfrom theLorentzforce
and/orthethermalconvectionof theconductingfluids.

II.2 A GeneralizedSelf-OrganizationTheory

[Y. Kondoh:Phys.Rev. E 48 (1993)2975.]
It shouldbe emphasizedherethat the generalizedself-

organizationtheory with the use of auto-correlationsfor
physicalquantitiesis not fundamentallybasedon both of
the variationalprinciple and the energy principle, and the
auto-correlationsarenever thetime invariants.

Quantitieswith n elementsin generaldynamicsystems
of interestshallbeexpressedasq 
 t � x � = � q1 
 t � x � , q2 
 t � x � ,���� , qn 
 t � x ��� . Here,t is time,x denotesm-dimensionalspace
variables,andq representsasetof physicalquantitieshaving
n elements.Dissipativenonlineardynamicsystemgenerally

describedby
∂qi

∂ t
� Gi � q ��� (14)

whereGi � q � denoteslinearor nonlineardynamicoperators,
which mayincludenon-dissipativeand/ordissipative terms.
In somecases,theoperatorGi � q � mayincludenegativedis-
sipation terms such as energy input terms qi 
 t � x � � i �
1 � 2 � 3 ������� . After takingtheproductof qi 
 t � x � andbothsides
of Eq.(14),and integrating the resultantequationover the
volumeV , “the conservation laws” for the for the dynamic
systemwith qi 
 t � x � arederived,as�

V � ∂
∂ t

1
2 � qi 
 t � x � qi 
 t � x ����� dV� �

V � qi 
 t � x � Gi � q ��� dV � (15)

After defining the axiom set of dynamic equationsof
Eq.(14),the solving the time evolution of thedynamicsys-
tem with given boundaryconditionsbelongsto the pure
mathematicalproblemsas well as the physicalones. All
time evolutions of the dynamic systemmay go on deter-
ministically by the all Eqs.(14) � i � 1 � 2 � 3 ��������� that have
completive interactionswith all otherquantities.If we trace
all overtimeevolutionof thedynamicsystem,wemayfined
that at somephase,one or somedynamicoperatorswork
dominantlyandothersarenegligible. Furthermore,we may
noticethat the dominantoperatorsalwaysinterchangewith
eachotherasthetime goeson. On theway of thetime evo-
lution of the dynamicsystem,we may alsofind the spatial
profile of somequantity qi 
 t � x � � i � 1 � 2 � 3 ��������� becomes
unchangeableor a steadystate,for which we would call the
state“ theself-organizedstate”.

We shouldnoticehere,however, that thereareno rea-
sonsto believe the self-organizedstatesfor all quantities
qi 
 t � x � � i � 1 � 2 � 3 �������� to appearat thesameinstant.Onthe
contrary, it is morenaturalto expectthat theself-organized
spatialprofilewouldhavesomeshift with eachotheramong
the quantities. This is becausethat if the self-organized
steadyprofilesof all quantitiesqi 
 t � x � � i � 1 � 2 � 3 ������� � take
placeat thesameinstant,thenthedynamicsystemdoesnot
evolve in time after that, i.e., this situationcontradictslog-
ically to thestartingassumptionthat the systemevolvesby
theaxiomsetof thedynamicequations!

All of the quantitiesin the dynamicsystemgo through
their “own shortrest” on theirway, andthedynamicsystem
will show variousfacesduring all over the time evolution.
Fromthis standpointof observationon over all time evolu-
tion of the dynamicsystem,we canidentify or define“the
self-organizedstate” for eachquantity as “the self-similar
statein thephasewith themostunchangeablestructure”.

In orderto describequantitatively thosemostunchange-
ablestructurefor eachquantity, we inevitably introducethe
auto-correlationsas a suitablemeasure.The definition of
“the self-organizedstate”maybemathematicallyexpressed
by usingauto-correlations,qi 
 t � x � qi 
 t � ∆t � x � , betweenthe
time, t, andslightly transferredtime,t � ∆t, with asmall∆t,
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i. e.,“t self-organheizedstate”is definedasfollows

min !�" qi 
 t � x � qi 
 t � ∆t � x � dV" qi 
 t � x � qi 
 t � x � dV
� 1 ! state� (16)

Taylor expansionqi 
 t � ∆t � x � = qi 
 t � x � + � ∂qi 
 t � x �� ∂ t � ∆t +
 1 � 2� � ∂ 2qi 
 t � x �� ∂ t2 � 
 ∆t � 2 + ���� andthe 1stordr of ∆t give
usthedefinitionof theself-organizedstateduringtheorder
of thetimescale∆t as

min !�" qi 
 t � x � � ∂qi 
 t � x �� ∂ t � dV" qi 
 t � x � qi 
 t � x � dV
! state� (17)

Substitutingthedynamicequation,Eq.(14),into Eq.(17),we
obtaintheequivalentdefinition for the self-organizedstate,
as

min ! " qi 
 t � x � Gi � q � dV" qi 
 t � x � qi 
 t � x � dV
! state� (18)

Eq.(17)shows that realizationof the self-similar coherent
structures,i. e., “the self-organheizedstate”, in dynamical
systemsis the phaseof “the minimumchangerateof auto-
correlationsfor their instantaneousvalues”.

Sincewe have substitutedthe original dynamicequa-
tions into the definition of the self-organizedstate,“whole
propertiesof thedynamicsystemis essentiallyembeddedin
theprocessto derive theself-organizedstatefrom Eq.(18)”.
The mathematicalexpressionswith the use of the varia-
tional calculusfor Eq.(17)and Eq.(18)are written as fol-
lows,defininga functionalF with useof a Lagrangemulti-
plier λi, as

F � �
V � ∂

∂ t
1
2 � qi 
 t � x � qi 
 t � x ���� λiqi 
 t � x � qi 
 t � x �#� dV� �

V � qi 
 t � x � Gi � q �� λiqi 
 t � x � qi 
 t � x �#� dV � (19)

δF � 0 � (20)

δ 2F $ 0 � (21)

whereδF andδ 2F arerespectively thefirst andthesecond
variationsof F “with respectto thevariationδq 
 x � only for
thespatialvariablex”.

ComparingEqs.(15)and(19), we canfind that thecon-
servationequationsfor thedynamicsystemarenaturallyin-
cluded in the presentformulation of the generalizedself-
organizationtheory. We shouldremindherethat theglobal
auto-correlation" qi 
 t � x � qi 
 t � x � dV is never the time invari-
antbut strictly theglobalconstraint.

Theimplicit assumptionin this theoryis thatthedynam-
ical systemevolvesall possibleareain statephases.

II.3 Application to Plasmas

We apply here the generalizedself-organization theory
shown above to fusion plasmas.According to the general

typeof the dynamicequations,Eq.(14),we rewrite Eqs.(1)
and(2) asfollows

∂B
∂ t

�%� ∇ � E � (22)

ε0
∂E
∂ t

� ∇ � H � j � (23)

Following threemorephysicallaws, i.e., the conserva-
tion lawsof themass,Eq.(24),themomentum,Eq.(25),and
thegeneralizedOhm’s law, Eq.(26).

∂ρm

∂ t
��� ∇ � 
 ρm v �&� (24)

ρm
∂v
∂ t

� � ρm 
 v � ∇ � v � � ρeE � j � B� ∇ 
 Pe � Pi ����� (25)

∂ j
∂ t

� e2ne

me � E � v � B � ηei j
� 1

ene 
 j � B �
� 1

ene
� ∇Pe

� 
 me � mi � Zi∇Pi ���'� (26)

Thesethree equationscome from the Boltzmann kinetic
equationsfor electronsandions.

We start with the axiom set of seven physicallaws of
Eqs.(1),(2),(3),(4), (24), (25) and(26). Poynting’s energy
conservationlaw concerningwith thefield energyWf is

∂Wf

∂ t
�(� �

V
j � EdV � 1

µ0 	 S 
 E � B ��� dS � (27)

Theconservationlaw of thekineticenergyWk = " V 
 ρm � 2� v �
v dV is

∂
∂ t

Wk
� �

V � � 1
2

v � v ∇ � 
 ρm v �� ρm v � � 
 v � ∇ � v �� � ρe E � v � 
 j � B ��� v� ρm v � ∇ 
 Pe � Pi �)��� dV � (28)

A conservation law on the current by defining Wc =" V 
 1� 2� j � j dV is obtainedas

∂
∂ t

Wc
� �

V

e2ne

me � j � E � 
 j � B ��� v
� ηei j � j � 1

ene
j � � ∇Pe� 
 me � mi � Zi∇Pi ��� dV � (29)

Accordingto Eq.(19),we obtainthefunctionalfor thefield
energy Ff , for thekinetic energy Fk , andfor the currentFc,
respectively, as

Ff
� �

V � � j � E � λf 
 ε0E � E
2� B � B

2µ0
�#� dV � 1

µ0 	 S 
 E � B ��� dS� (30)
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Fk
� �

V � � 1
2

v � v ∇ � 
 ρm v �� ρm v � � 
 v � ∇ � v �*� � ρeE � v� 
 j � B ��� v � ρm v � ∇ 
 Pe � Pi �)�� λv
ρm

2
v � v � dV � (31)

Fc
� �

V

e2ne

me � � j � E � 
 j � B ��� v � ηeij � j �� e
me

j � � ∇Pe
� 
 me � mi � Zi∇Pi �� λc j � j � dV � (32)

In general,we take variationswith respectto δE, δB, δv,
δ j , δρm, δρe, δPe, δPi , δne, δni , andδηei. FromtheEuler-
Lagrangeequationsfor thesolutionsof Eq.(20),we will get
new variousequilibriumconfigurationsof theself-organized
stateswith theplasmaflow, theshearflow, thespacecharge,
the spacepotential, the deviation betweenthe ion and the
electrondensityprofiles, the resistivity profile, andso on,
dependingontheboundaryconditionsandtheexternalinput
sourcessuchasthevariousenergy injectionsandtheparticle
beams.Theresultantequilibriumconfigurationsarefar be-
yondtheconventionalMHD equilibriumonesby theGrad-
Shafranov equationbasedon theequationof j � B � ∇p.

In order to realize the steadystateof the confinement
systemof plasmas,we canextendconventionalmethodsof
plasmacurrentdrives,by usingthe threeconservation laws
of Eqs.(27),(28)and(29),i.e.,usingenergy injectionsof var-
ious typesof energies,suchasmagneticenergies,electro-
magneticwave energies, internalenergiesof plasmoidsby
plasmaguns,which inducethe thermalplasmaflow veloc-
ity, variousparticlebeamenergies,andsoon.

III Concluding Remarks

In SectionI, we have shown our experimentalandnumeri-
dalworkson thecompacttoroidalplasmas(CTP)in Gunma

Univ., whichwasinvestigatedaround1983.Theexperimen-
tal work had attemptedto producethe CTP and to marge
two CTP, suchas the extreamly low aspectratio RFP, the
high β spheromack,the SphericalTokamak(ST), the FRC
and/orthe FRC with week toroidal magneticfields, all of
whichhavenoaxial centerconducterwith theuseof theax-
isal discharge throughthe long gapbetweenthe two cylin-
drical electrodes.We have alsoproposedthe Mutli-link ed
FRCsystemwith weektoroidalfieldsin orderto realizehigh
β CTP with long confinementtimesof the energy andthe
configurations.In SectionII-I, we havedemonstratedmath-
ematicallythat the magnetichelicity K is never the global
time invariant We have shown that the so-called“helicity
conservationlaw” is not theconservationlaw, but is merely
anequationof “the timechangerateof K which is passively
and resultantly determinedby the muturally independent
volumeandsurfaceintegral termsin Eq.(10)and/orEq.(13).
Wehaveclarifiedthattherelaxationtheoryby Dr. J.B. Tay-
lor hasbeenneitherthevariationalprinciplenor theenergy
principle,andhave discussedthat theso-calledTaylor state
∇ � B � λTB with spatially constantλT and initial K has
neverbeenrealizedin experimentalplasmasandin computer
simulations.In SectionII-I, wehavepresentedaformulation
of theadvancedgeneralizedself-organizationtheorythatcan
beapplicableany dynamicalsystemsandincludesnaturally
bothof thedynamicalpropertiesandtheconservationequa-
tions of the system. We have also shown the application
of the theory to the fusion plasmawith the useof the ax-
iom set of seven physical laws, and have pointedthat the
Euler-Lagrangeequationsfor every variationsof the quan-
tities lead to their own equilibirium configurationscertain
time deviation amongthequantities,like astheexperimen-
tal plasmas. The resultantequilibrium configurationsare
far beyond the conventionalMHD equilibrium onesby the
Grad-Shafranov equation. In orderto realizesteadystates,
wehaveproposedvarioustypesof energy injections, basing
on thethreeconservationlawsof Eqs.(27),(28)and(29).
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